The N( 4 S) + O 2 (X 3 Σ − g ) ↔ O( 3 P ) + NO(X 2 Π) Reaction: Thermal and Vibrational Relaxation Rates for the 2 A , 4 A and 2 A States
I. INTRODUCTION
Reactions involving nitrogen and oxygen play important roles in combustion, supersonic expansions, hypersonics, and in atmospheric processes. A particularly relevant process, which is part of the so-called Zeldovich process 1 are the NO + O or O 2 + N reactions 2, 3 that describe the oxidation of nitrogen. In the forward direction, the reaction also generates reactive atomic oxygen. These reactions, together with a range of other atom plus diatom and diatom plus diatom reactions form the core of the 5-and 11-species model used in hypersonics. 4 At high temperatures (∼ 20000 K), as present in thin regions of shock layers created at hypersonic speed flight 5 , the reactive chemical processes can become very complex. This complexity is in part due to a significant degree of non-equilibrium. The lack of experimental information on the kinetics at these high temperatures makes numerical simulations for reaction cross sections as well as reaction and vibrational relaxation rates a very valuable source of information for characterizing hypersonic flow.
There is also much interest in correctly describing the vibrational distribution of the NO molecules after reactive or nonreactive collisions with atomic oxygen for atmospheric processes. The infrared emission of nitric oxide is one of the main tracers to follow and characterize the energy budget in the upper atmosphere. 6 This emission arises from relaxation of vibrationally excited NO after collisional excitation with atomic oxygen. This relaxation process has also been implicated in nighttime cooling of the thermosphere, above ∼ 100 km. Furthermore, nitric oxide is also formed in situ and used as a tracer for combustion and in hypersonic flows where it is commonly observed by Laser Induced Fluorescence (LIF).
Previous studies included experimental and computational characterizations of the reaction dynamics and final state distributions of the products. Using a pulsed beam of energetic nitrogen atoms at 8 km/s interacting with thermal oxygen under single collision conditions to mimic velocities seen in low earth orbit , the distribution of vibrationally excited NO and state specific reaction cross sections for N+O 2 → NO+O were determined. 7 The analysis showed an oscillatory behaviour of the cross section with increasing final vibrational state, with minima at ν = 3 and ν = 6, with an uncertainty of a factor of two. An even earlier experiment 8 , using saturated multiphoton ionization spectroscopy, measured the NO product ground-state distribution, reporting a difference in the cross sections between odd (ν = 1, 3, 5) and even (ν = 0, 2, 4, 6) final vibrational levels.
From the perspective of computer based simulations [9] [10] [11] the vibrational state-dependent cross sections have been calculated using a variety of potential energy surfaces (PESs). In all of these computational studies, the maximum of the final state vibrational cross section is found to be at ν = 1 9 or at ν = 2 10, 11 with no notable oscillation. One PES for the 2 A state used a fit 10 to electronic structure calculations at the complete active space SCF (CASSCF) level followed by multireference contracted configuration interaction and a modified Duijneveldt (11s6p) basis set. 12 Another PES was based on 1250 (for the 2 A ) and 910 ( 4 A ) CASPT2 calculations and fitted to an analytical function. 13 Such an approach was also used for the 2 A state. 14 This was followed by a PESs for the 2 A state using a diatomics in molecules (DIM) expansion with the two-body terms based on extended Hartree-Fock calculations. 15 Then, a 2-dimensional PES with the NO bond length fixed at its equilibrium value of 2.176 a 0 was determined at the icMRCI+Q level of theory and a cc-pVQZ and represented as a cubic spline. 16 This work also presented a PES for the 2 A state. More recently, a double many body expansion fit to 1700 points at the MRCI/aug-cc-VQZ level of theory for the 2 A state was carried out. 17 In addition, quasi classical trajectory (QCT) calculations 2, 9, 13, 18 have been reported for the temperature dependent rate for the N( 4 S)+O 2 → NO+O and its reverse reaction using different PESs.
Another important process is the energy transfer following the collision of vibrationally excited NO with oxygen atoms Given the rather heterogeneous situation for the quality of the existing PESs for studying the N( 4 S) + O 2 (X 3 Σ − g ) reaction and the vibrational relaxation of NO, the present work determines fully dimensional PESs using a consistent methodology to represent the 3 lowest electronic states, 2,4 A and 2 A as well as to evaluate the cross sections for the (forward)
and (reverse)
reaction. All three states are energetically accessible in the hypersonic regime, i.e. at temperatures up to 20000 K. Experimentally, cross sections and rates for the forward and reverse reactions have been measured and experimental data for vibrational relaxation rates are available 3, 7, 8, 20, 22, 23 which serve as benchmarks for the present work.
In the following, the calculation and representation of the asymptotic PESs for the three electronic states and the two channels are described. These are combined to a set of fullydimensional, reactive PESs which are suitable for quasiclassical trajectory simulations from which cross sections, reaction rates and rates for vibrational relaxation can be determined.
The results of the simulations are discussed in the context of the limits of errors in the simulations and comparisons with available experimental data. Finally, the basis of the observables is discussed at an atomistic level, based on analyzing the trajectories.
II. COMPUTATIONAL METHODS
This section presents the generation and representation of the potential energy surfaces and the methodologies for the quasiclassical trajectory (QCT) simulations and their analysis.
All PESs are computed at the multi reference CI (MRCI) level of theory together with large basis sets. These are then exactly represented using the reproducing kernel Hilbert space approach. The quality of the representation is then checked using additional MRCI calculated points.
A. The 2 A , 2 A and 4 A Potential Energy Surfaces
Ab initio energy calculations were carried out for the 2 A , 2 A and 4 A states. The energies were computed on a grid defined by Jacobi coordinates (r, R, θ) where r is the separation of the diatomic, R is the distance between the atom and the center of mass of the diatomic and θ is the angle between the two unit vectors r and R. For R the grid included overall ∼ 11000 points which is more than 5 times more reference calculations compared with previous efforts at a similar level of theory. It is to be noted that electronic structure calculations for a fraction of the geometries at large R and/or r converged to excited states.
Those points were excluded from the training energy data set.
For certain geometries (< 0.5 %) outside the equilibrium region the CASSCF or MRCI calculations did not converge. In these cases, the missing grid points were reconstructed using a 2-dimensional reproducing kernel (R, r) (RKHS) 31 for each θ. This procedure of discriminating possible outliers was necessary before constructing the full dimensional PES.
The 3-dimensional PES for each channel V (R, r, θ), is constructed using a reciprocal power decay kernel with n = 2 and m = 6 for the two radial coordinates and an Taylor spline kernel with n = 2 for the angular part. 31 The regularization parameter used was λ = 10 −18 .
The global, reactive 3D PES V (r 1 , r 2 , r 3 ) for an electronic state is constructed by summing the individual PESs for each channel
using an exponential switching function with weights The global, local minima and transition states between the minima and/or entrance channels supported by the PESs were determined using BFGS minimization and the nudged elastic band method 32 as implemented in the atomic simulation environment (ASE). 33
B. Quasi-Classical Trajectory Simulations
The QCT simulations used in the present work have been extensively described in the literature [34] [35] [36] [37] . Here, Hamilton's equations of motion are solved using a fourth-order Runge-Kutta numerical method. The time step was ∆t = 0.05 fs which guarantees conservation of the total energy and angular momentum. Initial conditions for the trajectories are sampled using standard Monte Carlo sampling method. 34 The reactant and product ro-vibrational states are determined following semiclassical quantization. Since the ro-vibrational states of the product diatom are continuous numbers, the states are assigned by rounding to integer values. Two schemes were used 1) histogram binning (HB), i.e. rounding values to the nearest integers, or 2) Gaussian binning (GB), which weights each trajectory with a Gaussian shaped function (with a full width at half maximum of 0.1) centered on the integer values. 36, 38, 39 Here, both schemes were tested and found to yield comparable results.
Therefore results obtained from GB are reported in the following.
The state-to-state reaction cross section at fixed collision energy
This integral can be evaluated using Monte Carlo sampling 34 which yields
where N v ,j is the number of reactive trajectories corresponding to the final state (v , j ) of interest, N tot is the total number of trajectories, P v,j→v ,j = N v ,j /N tot is the probability to observe a particular transition (v, j) → (v , j ), and b max is the maximum impact parameter for which a reactive collision occurs. Here, b max is calculated by running batches of trajectories at different intervals of b. In the present work stratified sampling 34, 40 is used to sample
. The sampling strategy is described in detail in previous work. 37 The thermal rate for an electronic state (i) at a given temperature (T ) is then obtained from
where g i (T ) is the electronic degeneracy factor of electronic state 'i', µ is the reduced mass of the collision system, k B is the Boltzmann constant, and, depending on the specific process considered, N r is the number of reactive or vibrationally relaxed trajectories. In the rate coefficient calculations, the initial ro-vibrational states and relative translational energy (E c ) of the reactants for the trajectories are sampled from Boltzmann and Maxwell-Boltzmann distribution at a given T , respectively. The sampling methodology is discussed in detail in Ref. 37 .
For the forward reaction (N( 4 S) + O 2 (X 3 Σ − g ) → O( 3 P) +NO(X 2 Π)) the rate k + (T ) is calculated using degeneracies of 1/6 and 1/3 for the 2 A and 4 A states, respectively, whereas
and g4 A (T ) = 4
The terms in Eqs. 7 and 8 are the degeneracies of the J or spin states and the exponential parameters 227.8, 326.6 and 177.1 are the energy differences (in units of K) between two neighboring states. The equilibrium constant is then
III. RESULTS
A. The Potential Energy Surfaces
An overview of the PESs, see Figures 1, S1, and Table I , for all three states investigated All PESs for OO+N are symmetric with respect to θ = 90 • , as expected. For the 2 A state and the O 2 +N dissociation limit the 2d-PES was generated for TS1 in Figure S2 For the 4 A state the surface for the O 2 +N dissociation limit has R (OO) = 2.39 a 0 for TS1
in Figure S3 and the 2-dimensional PES in Figure 1 has the minimum at R (NO) = 3.19 a 0 with θ = 56 • and θ = 124 • , respectively. Conversely, at the NO+O asymptote, the PES is almost purely repulsive for R (NO) = 2.36 a 0 (TS2 in Figure S3 ). In Jacobi coordinates, a It is worthwhile to note that there are no crossings between the 2 A and 2 A PESs as well as between 2 A and 4 A electronic states which differs from, e.g., the [CNO]-system. 37 One-dimensional cuts along the O 2 +N and NO+O coordinates for constant angle θ for the three different electronic states are reported in Figure 2 . All angular cuts correspond to off-grid points, i.e. data not explicitly used in generating the RKHS. Therefore, the RKHS energies (solid lines) are predictions and are found to compare well with the true energies calculated at the MRCI+Q/aug-cc-pVTZ level of theory. Nevertheless, for a few points on the θ = 175.0 • cut around R ∼ 4 a 0 for the 2 A state (see Figure 2A ) the RKHS-predicted energies differ slightly from the true energies.
The quality of all three PESs for both, on-and off-grid points is reported in Figure S5 as correlation plots. The correlation between the reference (ab initio energies) and RKHS energies ranges from R 2 = 0.9996 to 0.9999 for grid points and from R 2 = 0.9992 to 0.9997 for off-grid points for the three electronic states. The corresponding root mean squared errors for the on-grid points range from 0.022 to 0.043 eV and off-grid points from 0.033 to 0.057 eV. It should be noted that all the RKHS energies are evaluated on the mixed, fully reactive PES, see Eq. 3. The agreement between reference and RKHS energies is even better if the channels are considered separately.
To rationalize the observed topology of the NO+O channel of the MRCI+Q PES (Figure varying values of θ. Only natural orbitals with significant change in occupation number are shown along the path. Figure S7 shows a complete MO diagram of the valence space.
The dominant configurations for the lowest 2 A and 2 A states are indicated in the MO diagrams, and an illustration of all main configurations along the path is given in Figure   S6 . The cut qualitatively includes most of the stationary states of the 2-dimensional PESs of the NO+O channel (see Figures 1 and S5 ). For the linear structures ( Figure 3A ) two perpendicular π 3 -systems arise with one electron in an antibonding π 3 * orbital. The bonding orbital of the π-system shows a more equal contribution from all three atomic centers for the linear ONO structure than for the linear OON structure, making the bonding situation more stable in this case (see Figure S7 ). Bending of the linear structures leads to a transformation of the in-plane antibonding orbitals of the π-system ("a" in Figure 3A ) into a non-bonding p-orbital on the oxygen at θ = 90 • . The two non-bonding orbitals of the linear π-systems transform also into p−orbitals on the oxygen. Hence, at θ = 90 • three natural orbitals close in energy with mostly p−orbital contribution on the oxygen atom arise. Their energy fine-ordering depends on the amount of residual antibonding character they bear. The out-of-plane antibonding orbital of the linear π−systems ("b" in Figure   3A ) however transform into an antibonding π * NO-orbital upon bending. Finally, the antibonding orbital with dominant σ * -character for the linear structures ("c" in Figure 3A) also transforms into an antibonding π * NO-orbital at 90 • , considerably lowering its orbital energy. The fine-ordering of the two π * NO-orbitals again depends upon their remaining additional antibonding character. Thus, for a T-shaped structure (θ = 90 • ) the quasidegeneracies lead to a large number of configurations with similar energy and lead to small energy differences for the eight states included in the CASSCF wavefunction (see Figure 3B ).
Two additional interesting observations on the NO+O channel can be made from the MO diagram: 1) No stable covalent bonding between the oxygen and the N-O fragment in the T-shaped structure is observed at the CASSCF level of theory. This explains the almost fully repulsive character of the NO+O channel along R for θ close to 90 • (cf. Figure 2) . 2)
Upon bending, the in-plane π 3 * orbital ("a" in Figure 3A ) significantly lowers its energy. As the π 3 * orbitals are partially occupied for the linear structures, bending makes lower energy configurations accessible, yielding minima on the PESs of the NO+O channel for slightly bent structures (cf. Figure 1 Figure 3B ). Bending away from the linear geometry leads to an approach and avoided crossing of the 1 2 A and 2 2 A states (θ = 30 • , point v), each of which is described by one dominant configuration outside the crossing region. A similar observation is made for the 1 2 A and 2 2 A states (θ = 50 • , point vi). The 1 2 A state has a strong multi-reference character with various configurations contributing in an extended region 50 • ≤ θ ≤ 100 • . As indicated in Figure 3A , the quasi degeneracies in the T-shaped structures gives rise to a large number of configurations with similar energies and to seven states within 0.9 eV for θ = 90 • (point vii). The characteristics of points vii and ix can be described along the same lines as for points vi and v, respectively.
The full and detailed analysis of changes in configurations of the states along the path is given in Figure S6 . It is noted that the two lowest 4 A states do not show an avoided crossing and have each one dominant configuration along θ. This explains the rather simple topology of the 1 4 A' PES in Figure 1 . The inset in Figure 3 amplifies the subtle changes in state order around θ = 90 • . Various additional avoided crossings can be observed (their analysis is given in Figure S6.) 
B. Thermal Rates and Reaction Cross Sections
Thermal rates for the forward (N (see Figure S8 ) shows that for both states and both directions they differ by a factor of ∼ 2 for high temperature. For lower temperature they rather differ by a factor of ∼ 5.
Parameter 2 A Lit. 9 
A in units of 10 −14 cm 3 /(s molecule). rate is calculated by summing the contributions from 2 A and 4 A surfaces. For practical applications, such as discrete sampling Monte Carlo (DSMC) simulations, 50 it is also useful to fit the data to an empirical, modified Arrhenius relationship
The fitted parameters are given in Table II . Additional fits for N+O 2 on the 4 A state yield 9 A = 1.41 10 −14 cm 3 /(s molecule), n = 1.04, B = 6112 K based on VTST data. 13 Fitting of earlier QCT data 2 yields remarkably similar values to the present results, see Table II and blue trace in Figure 4C , which, however, differ both substantially from a more recent study. 13 Experimental rates at higher temperatures are rare. One study was carried out at 1575 K 43 which is in quite good agreement within typical 49 uncertainties of 25 % with the present simulations ( Figure 4C ) whereas the rate from an experiment at higher temperature (2880 K) 44 is larger than the rate from the present and earlier 2 simulations by about a factor of two. One possible explanation is that for experiments above T ∼ 2000 K there is interference between the O+N 2 and N+O 2 reactions and the analysis required a reaction network both of which introduce uncertainties in the rate. 44 For the reverse rate the present simulations accurately describe those measured experimentally. 45, 46, 49 The reverse rate (O+NO) in Ref. 9 was not determined from QCT simulations but rather by first computing the equilibrium constant K eq (T ) according to statistical mechanics and then using k − (T ) = k + (T )/K eq (T ). The Arrhenius values from Ref. 9 are A = 0.114 10 −14 cm 3 /(s molecule), n = 1.13, and B = 19200 K. To the best of our knowledge the present work determined k − (T ) for the first time from QCT simulations.
In addition, the equilibrium constant K eq (T ) as defined in Eq. 9 is also calculated (see Table   III and compared with previous experimental 7 and theoretical 9 work. Of particular interest is the dependence of σ on the final vibrational state ν of NO because experimentally, an oscillating total cross section had been found with minima at ν = 3 and ν = 5. 7 However, earlier experiments 52,53 report the rate constant for formation of NO for the N + O 2 → NO + O reaction for vibrational levels ν = 2 − 7. Using Eq. 6 these rates were converted into cross sections which are monotonically decreasing with ν except for ν = 2. 52 Rates for ν = 0 and ν = 1 were reported to be larger compared to ν ≥ 2. 52 A comprehensive comparison of the present results for the cross sections is given in Table III .
State ν Exp. 54 Exp. 52 were determined here. Additionally, the total rate is compared with previous theoretical 19, 21 and experimental 3,20 results, see Figure 7 . In particular for low temperature the agreement with the more recent 20 experiments and the only high-temperature experiment (at 2700 K) 59 is noteworthy. The results from the simulations based on high-level, 2-dimensional PESs 16 for the 2 A and 2 A states are also in good agreement with the experiments and the present simulations. O+NO(ν = 1) → O+NO(ν = 0) for the 2 A , 4 A and 2 A states and the total contribution using GB.
As can be seen in Figure S9 and Table IV, To check the initial (before collision) angular dependence of the trajectories and role of long-range anisotropic interactions between the atomic collider and the diatomic target, similar density maps like Figure 8 have been computed for the VR and NR trajectories only up to the time satisfying the criterion that the sum of the three inter-nuclear distances is less than 9.5 a 0 . Those are shown for the NR trajectories in Figure S11 and for the relaxing in Figure S12 . It can be seen that at a separation of ∼ 8.5 a 0 the distribution P (θ) already has "structure" for the NR trajectories and in that a large fraction samples the range θ ∼ 50 • while the NR trajectories scarcely sample the high-θ region. However, for the relaxing trajectories the distribution is much more even and lacks a specific high-probability characteristic for a particular angle. Since the low-θ region of the PES is repulsive, most of the trajectories are reflected with only changing the rotational state of the NO and resulting NR events. A large fraction of those NR trajectories could not even visit the shortrange interaction region (R < 6.0 a 0 ) and they fly by from the target contributing twice (incoming and outgoing trajectories) more in the density map which is obvious in Figure S11 .
In Figure S13 , ten randomly selected VR (red) and NR (black) trajectories from each of the data set plotted in Figure S11 and S12 are projected on similar 2D PES as in Figure 8 The results above suggest that relaxing and non-relaxing trajectories probe different parts of the PES. Hence, in order to be able to realistically describe vibrational relaxation the relevant regions, especially the potential well of the PES, have to be described sufficiently accurately. Figure S14 reports the same PES together with the positions in (R, θ) for which MRCI+Q calculations were carried out. It can be seen that the relevant regions sampled by vibrationally relaxing and non-relaxing trajectories are covered by the electronic structure calculations. Thus the current PES is expected to provide an accurate description of the interaction potential for relaxation dynamics, which is also supported when comparing the computed rates with experiments.
IV. DISCUSSION AND CONCLUSIONS
QCT calculations were carried out on the 2 A , 4 A and 2 A electronic states of NO 2 for both, the forward and reverse reaction. The total rates agree favourably with experiment for the forward and reverse reaction ( Figures 4C and D) , except for the experiment for the forward rate at 2880 K for which interference with other reactions render the analysis more difficult. 44 The T −dependent equilibrium constants are close to those reported in the JANAF tables 23 and to those from results reported in Chemical Equilibrium with Application (CEA) 22 . This latter fact suggests that the forward rate k + (T ) is in fact preferred over the single available experimental result at higher temperature (2880 K). 44 For VR to occur, the force on the NO oscillator must act along the chemical bond, not orthogonal to it. Hence, the PES along the θ = 0 and θ = 180 • directions are most relevant to convert translational energy of the oxygen atom into relaxation of the vibrational motion of the NO diatomic, see Figure 8 . As around θ = 0 the PES is repulsive it is primarily the region around θ = 180 • to which VR is sensitive to. The present work highlights that It is expected that the temperature dependence of the rates computed in the present work extrapolate more reliably to higher temperature than the experimental data because, as the collision energy increases, the simulations sample the near vertical repulsive wall of the diatomic, determining its size. As this is an exponentially increasing curve, errors in the exponent will make little difference in the radius that is accessible at a given energy.
The present work uses one of the highest affordable levels of theory for the electronic structure calculations (MRCI+Q) and the validity of their representation as a RKHS is thoroughly tested using a large number of off-grid points. No relevant crossings between the PESs were found which would require the inclusion of nonadiabatic effects into the dynamics as had been done for the [CNO] system. 37 As with previous work for which quantum and classical nuclear dynamics studies were carried out and found to agree with one another 37 , no quantum effects are expected for the present system.
In summary, the reactive dynamics, thermal rates and vibrational relaxation for the 
